Using a transient mathematical heat transfer model including heat conduction, radiation, and radio frequency (RF) induction heating, we numerically investigate the time evolution of temperature gradients in axisymmetric growth apparatus during sublimation growth of silicon carbide (SiC) bulk single crystals by physical vapor transport (PVT) (modified Lely method). Temperature gradients on the growing crystal's surface can cause defects. Here, the evolution of these gradients is studied numerically during the heating process, varying the apparatus design, namely the amount of the source powder charge as well as the size of the upper blind hole used for cooling of the seed. Our results show that a smaller upper blind hole can reduce the temperature gradients on the surface of the seed crystal without reducing the surface temperature itself.
Introduction
Silicon carbide (SiC) is a wide-bandgap semiconductor used in high-power and highfrequency industrial applications: SiC serves as substrate material for electronic and optoelectronic devices such as MOSFETs, thyristors, blue lasers, and sensors (see [MCB04a] for a recent account of advances in SiC devices). Its chemical and thermal stability make SiC an attractive material to be used in high-temperature applications as well as in intensive-radiation environments. For an economically viable industrial use of SiC, growth techniques for large-diameter, low-defect SiC boules must be available. Recent years have seen steady improvement (see [HBC + 04]) of size and quality of SiC single crystals grown by sublimation via physical vapor transport (PVT, also known as modified Lely method, see e.g. [TT78, Kon95] ). However, many problems remain, warranting further research.
Typically, modern PVT growth systems consist of an induction-heated graphite crucible containing polycrystalline SiC source powder and a single-crystalline SiC seed (see Fig.  1 ). The source powder is placed in the hot zone of the growth apparatus, whereas the seed crystal is cooled by means of a blind hole, establishing a temperature difference between source and seed. As the SiC source is kept at a higher temperature than the cooled SiC seed, sublimation is encouraged at the source and crystallization is encouraged at the seed, causing the partial pressures of Si, Si 2 C, and SiC 2 to be higher in the neighborhood of the source and lower in the neighborhood of the seed. As the system tries to equalize the partial pressures, source material is transported to the seed which grows into the reaction chamber.
• T seed • Tsource porous graphite Controlling the temperature distribution in the growth apparatus is essential to achieve low-defect growth of large SiC bulk single crystals. Experimental evidence shows that growth on the seed crystal can already occur during the heating phase [SLR + 03], and experimental evidence also indicates that reducing temperature gradients (and resulting thermal stresses) on the surface of the seed crystal reduces the defect rate in the While temperature fields in SiC growth systems and their dependence on PVT apparatus design has been the subject of many, both transient and stationary, numerical studies (including the above-quoted papers), the authors are not aware of a transient numerical investigation of the temperature gradient evolution including the heating stage, even though reducing temperature gradients in the initial growth stages is conducive to reducing crystal defects. It is the goal of the present paper to numerically simulate the evolution of the temperature field during the heating phase, assessing how varying the size of the upper blind hole and the size of the source powder charge can be used to reduce the temperature gradients.
The paper is organized as follows: In Sec. 2, we describe the mathematical model for the heat transfer and for the induction heating. The employed numerical methods and the implementation tools are covered in Sec. 3. We present our numerical experiments in Sec. 4, where the general setting is detailed in 4.1, and numerical results analyzing the effect of the size of the upper blind hole as well as the amount of the source powder on the evolution of the temperature gradients on the surface of the SiC seed crystal are reported on and discussed in 4.2.
Modeling of Heat Transfer and Induction Heating
The numerical results of Sec. 4 below are based on our previously published model of transient heat transport in induction-heated PVT growth systems (see [Phi03, KPS04] and references therein). For the convenience of the reader, we briefly recall the scope and assumptions of the model as well as the main governing equations, interface, and boundary conditions. The heat transport model includes conduction through solid materials as well as through the gas phase as described by the transient heat equations
where the index m refers to a material that can be either the gas phase or a solid component of the growth apparatus, ρ m denotes mass density, t denotes time, ε m denotes internal energy, q m denotes heat flux, f m denotes power density (per volume) caused in conducting materials due to induction heating, κ m denotes thermal conductivity, T denotes absolute temperature, and Ω m is the domain of material m.
It is assumed that the gas phase is made up solely of argon, which is a reasonable assumption for simulations of the temperature distribution [KPSW01, Sec. 5]. Then, the internal energy in the gas phase takes the form
R denoting the gas constant, and ρ Ar and M Ar denoting the mass density and molecular mass of argon, respectively. The internal energy of the solid material m i is given by
where c denotes specific heat, and T 0 is a reference temperature. The temperature is assumed to be continuous throughout the apparatus. To formulate the interface conditions for the heat flux, let β and β denote different solid components of the growth apparatus. The normal heat flux is assumed to be continuous on an interface γ β,β between two solid materials β and β , i.e. the interface condition is given by (2.3a).
If the solid material β is the semi-transparent SiC single crystal or on an interface γ β ,gas between the solid material β and the gas phase, one needs to account for radiosity R and for irradiation J, resulting in interface conditions (2.3b) and (2.3c), respectively.
• n
• n [β] on γ β,β , (2.3a)
• n [β] on γ β,β , (2.3b)
• n gas on γ β,gas , (2.3c)
where n [β] is the outer unit normal vector to the solid material β, and n gas is the outer unit normal vector to the gas phase. The radiative quantities R and J are modeled using the net radiation method for diffuse-gray radiation as described in [KPS04, Sec. 2.5], where a band approximation model is used to account for the semi-transparency of the SiC single crystal. The growth apparatus is considered in a black body environment (e.g. a large isothermal room) radiating at room temperature T room , such that outer boundaries emit according to the Stefan-Boltzmann law:
• n denotes the (temperature-dependent) emissivity of the surface. On outer boundaries receiving radiation from other parts of the apparatus, i.e. on the surfaces of the upper and lower blind hole, the situation is more complicated. On such boundaries, as in (2.3b) and (2.3c), one has to account for radiosity R and irradiation J, leading to the boundary condition q
[β]
where, as before, the modeling of R and J is as described in [KPS04, Sec. 2.5]. For the two blind holes, we use black body phantom closures (denoted by Γ top and Γ bottom in Fig. 1 ) which emit radiation at T room . We thereby allow for radiative interactions between the open cavities and the ambient environment, including reflections at the cavity surfaces.
Induction heating causes eddy currents in the conducting materials of the growth apparatus, resulting in the heat sources f m of (2.1a) due to the Joule effect. Assuming axisymmetry of all components of the growth system as well as of all relevant physical quantities, and, furthermore, assuming sinusoidal time dependence of the imposed alternating voltage, the heat sources are computed via an axisymmetric complex-valued magnetic scalar potential that is determined as the solution of an elliptic partial differential equation (see [KPS04, Sec. 2.6]). To prescribe the total heating power, we follow [KP02, Sec. II], ensuring that the total current is the same in each coil ring. The distribution of the heat sources is redetermined in each time step of the transient problem for the temperature evolution to account for temperature dependence of the electrical conductivity.
All simulations presented in this article are performed for an idealized growth apparatus, treating all solid materials as homogeneous and pure, neglecting effects such as the sintering of the SiC source powder, changes in the porosity of the graphite, and Si accumulation in the insulation.
Numerical Methods and Implementation
For the numerical computations presented in Sec. 4.2 below, i.e. for the stationary simulations of the magnetic scalar potential as well as for the transient temperature simulations, a finite volume method is used for the spatial discretizations of the nonlinear partial differential equations that arise from the model described in Sec. 2 above. An implicit Euler scheme provides the time discretization of the temperature evolution equation; only emissivity terms are evaluated explicitly, i.e. using the temperature at the previous time step. The used scheme, including the discretization of nonlocal terms stemming from the modeling of diffuse-gray radiation, was previously described in [Phi03, KP05] . The convergence of the scheme has been verified numerically for stationary cases in [GKP05a, GKP05b] .
The finite volume discretization of the nonlocal radiation terms involves the calculation of visibility and view factors. The method used is based on [DNR The discrete scheme was implemented as part of our software WIAS-HiTNIHS 1 which is based on the program package pdelib [FKL01] . In particular, pdelib uses the grid generator Triangle [She96] to produce constrained Delaunay triangulations of the domains, and it uses the sparse matrix solver PARDISO [SGF00, SG04] to solve the linear system arising from the linearization of the finite volume scheme via Newton's method.
Numerical Experiments

General Setting
All numerical simulations presented in the following were performed for the growth system [PAC + 99, Fig. 2 ] displayed in Fig. 1 , consisting of a container having a radius of 8.4 cm and a height of 25 cm placed inside of 5 hollow rectangular-shaped copper induction rings. Using cylindrical coordinates (r, z), the upper rim of the induction coil is located at z = 14 cm, and its lower rim is located at z = −2.0 cm, i.e. 2 cm lower than the lower rim of the rest of the apparatus (see Fig. 1 ). The geometric proportions of the coil rings are provided in Fig. 2 .
The material data used for the following numerical experiments are precisely the data provided in the appendices of [KPSW01] , [KP03a] , and [KP03b] , respectively. The angular frequency used for the induction heating is ω = 2πf , where f = 10 kHz. The average total power P is prescribed according to the following linear ramp:
where t 0 = 0.5 h, t 1 = 3.0 h, P min = 2 kW, and P max = 7 kW.
Each simulation starts at T room = 293 K.
Transient Numerical Investigation of the Temperature Gradient
We conduct four numerical experiments, varying the amount of the source powder and the size of the upper blind hole. We consider two different amounts of source powder, where the larger amount is 5 times the smaller amount. We employ the abbreviations powder=1 and powder=5 to indicate the use of the small and large amount of source powder, respectively. We consider two different sizes for the upper blind hole, the situation with the smaller hole being referred to as hole=0, and the situation with the larger hole being referred to as hole=1. The resulting different apparatus designs used in the four experiments are depicted in Fig. 3 : We use powder=1, hole=1 in Experiment (a); powder=5, hole=1 in Experiment (b); powder=1, hole=0 in Experiment (c); and powder=5, hole=0 in Experiment (d).
As described earlier, controlling the temperature gradient on the surface of the SiC single crystal seed is of particular importance in order to avoid crystal defects in the asgrown crystal. We, therefore, pay special attention to the evolution of the temperature gradient on the seed's surface in the following analysis of the numerical results. In each where, here and in the following, (r, θ, z) denote cylindrical coordinates. Due to cylindrical symmetry, the temperature gradient is completely described by its radial and by its vertical component:
As the material properties are discontinuous across Σ (the gas phase being below and the seed crystal being above Σ), ∇ T can be discontinuous across Σ as well. Thus, for (r, z) ∈ Σ, we compute two values for ∇ T , namely one value for the crystal side, denoted ∇ T seed , and one value for the gas side, denoted ∇ T gas . More precisely, for (r, z) ∈ Σ, we compute the following approximations:
with the modifications
On each triangle of the mesh, the values for T are computed via affine interpolation according to the values at the vertices given by the discrete solution to the finite volume scheme. In a neighborhood of the seed crystal's surface, the grid was chosen sufficiently fine such that the diameter of each triangle was less than 0.5 mm. 
cm) for Experiments (a) -(d).
∇ T seed and the r = 0 axis is shown in the third row. Moreover, the precise values for three temporal snapshots of ∇ T seed (r, z) at (r, z) = (0, 15.8 cm) and at (r, z) = (1.9 cm, 15.8 cm) are compiled in Table 1 . Figure 6 depicts the evolution of the L 2 -norm of the radial temperature gradient on the seed's surface, i.e. of
(4.3) Figure 7 provides information on the temperature field evolution in the gas phase between SiC source and seed, namely the evolution of T source − T seed = T (0, 14.6 cm) − T (0, 15.8 cm) in Row (1) (cf. Fig. 1 ) and of ∇ T gas at (r, z) = (0, 15.8 cm) in Rows (2) and (3): The vertical component ∂ z T gas is shown in Row (2), and the angle φ gas between ∇ T gas and the r = 0 axis is shown in Row (3). Finally, the evolution of T seed = T (0, 15.8 cm) is portrayed in Fig. 8 .
We start by discussing some general patterns of heat field evolution present in each of the four experiments, and we then proceed to analyze the differences caused by the design modifications. In each experiment, the heat sources are mainly concentrated close to the vertical surface of the graphite crucible in the lower part of the apparatus, due to the low position of the induction coil rings (see Fig. 1 ). During the initial phase of the heating process, i.e. while the apparatus is still at low temperatures and radiation has little effect, the thermal conductivities of the SiC source powder and of the gas phase are very low as compared to those of the graphite and of the SiC seed. Thus, originating in the lower graphite part of the apparatus, upward flowing heat mainly travels around the SiC powder and the gas phase, reaching the SiC seed crystal from the upper right-hand graphite region above the SiC seed. This situation is reflected in Fig. 5 , where both the radial and vertical component of ∇ T seed (1.9 cm, 15.8 cm) are shown to be increasing during the first 4000 seconds, such that ∇ T seed is initially pointing upward and to the right (see Fig. 5(3) ). The behavior of the radial gradient ∂ r T seed at (0, 15.8 cm) is similar (Fig. 4(1) ), but the vertical gradient ∂ z T seed at (0, 15.8 cm) is always negative. This can be explained by the insulating effect of the inner gas phase in combination with the cooling effect of the upper blind hole. In Fig. 7 , the initial phase is characterized by the temperature being higher at the seed than at the source (Fig. 7(1) ) and a large, upward-pointing temperature gradient ∇ T gas (Fig. 7(1),(2) ).
As the temperature in the apparatus continuous to increase, so does the radial gradient on the seed's surface Σ (Figures 4(1), 5 (1), 6, Table 1), as the heat continuous to flow from the outside to the inside of the apparatus. However, as the radiative heat transfer through the gas phase and through the SiC powder becomes more effective, both domains become less thermally insulating, such that more and more heat reaches Σ from the gas phase, resulting in the decreasing vertical temperature gradients in Figures  4(2) , 5(2), and 7(2). In particular, after some 2000 s, T source − T seed becomes positive (Fig. 7(1) ), ∂ z T gas becomes negative (Fig. 7(2) ), and ∇ T gas turns from pointing from seed to source to pointing from source to seed (Fig. 7(3) ). Thus, the source becomes warmer than the seed as is required for the growth process.
While the seed temperatures reached at the end of the heating process (see Fig. 8 ) as well as the qualitative evolutions of the considered temperature gradients are quite close for each of the apparatus designs (a) -(d) as discussed above, we now come to important quantitative differences in the temperature gradient evolutions. First, we consider ∇ T seed on Σ (Figures 4 and 5, Table 1 ), i.e. the temperature gradient inside the seed crystal close to the surface where growth is supposed to occur. It is reiterated that the goal is to keep ∇ T seed low to avoid defects due to thermal stress during growth. We find from Fig. 8 that the temperature at the seed's surface reaches 1500 K after approximately 4000 s for Experiments (b), (d); and after approximately 5000 s for Experiments (a), (c). Initial growth is not expected to occur below this temperature, and, therefore, we focus on t > 4000 s in the following discussion. 
(1) 
Figure 7: Evolution of T source − T seed and of the vertical temperature gradient ∂ z T gas inside the gas phase, taken at the seed's surface at (r, z) = (0, 15.8 cm) for Experiments (a) -(d); φ gas is the angle between ∇ T gas and the r = 0 axis. Table 1 , one finds that, at t=5000 s, the radial gradient on Σ far from the axis (|∂ r T seed (1.9 cm, 15.8 cm)|, Table 1 . In each case, the gradients are found to be smaller for the smaller blind hole, which is also confirmed in Fig. 6 , where the radial gradient is integrated over the entire surface Σ. The smallest value is, again, found for (c) (powder=1, hole=0). Since the upper blind hole is in much closer proximity to the seed crystal than to the source powder charge, it is not unexpected that its size has a stronger effect on the temperature gradients at Σ. The dominance of |∂ r T seed (1.9 cm, 15.8 cm)| over the other three values remains true throughout the heating process. However, note from Fig. 4 (2) and from the lower part of , where the quality of as-grown crystals was found to be improved by reducing the radial temperature gradients. However, we also point out that the radial temperature gradient on Σ was always less than 130 K/m during all our simulations, and, thus, lower than the 200 K/m that resulted in good-quality crystals according to [BMR + 
02].
Finally, we remark that Figure 7 shows that the direction of the temperature gradient in the gas phase ∇ T gas on Σ turns some 500 s earlier in (b), (d) (for powder=5) as compared to (a), (c) (powder=1), so that the SiC source becomes warmer than the SiC seed. However, Figure 8 shows that, in (b), (d), T seed reaches growth temperature earlier than in (a), (c). More importantly, Figures 7 and 8 show that T source − T seed becomes positive in all cases before T seed reaches 1500 K.
Conclusions
Based on a transient heat transfer model implemented in the software WIAS-HiTNIHS, the evolution of temperature fields was simulated for four different axisymmetric setups of PVT growth systems, varying the size of the upper blind hole and the amount of the source powder charge. The temperature gradients were monitored in the vicinity of the SiC seed crystal's surface, where they are closely related to the quality of the as-grown crystal. The temperature gradients in the seed were found to increase with time and temperature, their maximal size being determined by the radial gradients far from the symmetry axis. These gradients were some 30 K/m smaller for the smaller blind hole. The size of the gradients was found to depend much less on the size of the powder charge, but being slightly smaller for the smaller amount of source powder. The seed temperature reached at the end of the heating process did not vary significantly with the considered different designs. This fact is especially noteworthy in the light of [MP05] , where temperature-constrained stationary numerical optimizations showed that low radial temperature gradients can be achieved by reducing the crystal's temperature. However, as the growth process requires one to keep the seed crystal above a certain temperature, adjusting the size of the upper blind hole can furnish a useful alternative for further reduction of the radial temperature gradients.
